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Abstract
Strong ellipticity is an important property in the elasticity theory.
In 2009, M-eigenvalues were introduced for the elasticity tensor. It was
shown that M-eigenvalues are invariant under coordinate system choices,
and the strong ellipticity condition holds if and only if all the M-eigenvalues
of the elasticity tensor are positive. Thus, M-eigenvalues are some in-
trinsic parameters of the elasticity tensor. In this paper, we show that
the M-eigenvalues of the elasticity tensor are closely related with some
elastic moduli, such as the bulk modulus, the shear modulus, Lame´’s
first parameter, the P-wave modulus, etc, and the positiveness of the M-
eigenvalues are corresponding to some existing conditions for strong ellip-
ticity in some special cases, such as the isotropic case, the cubic case, the
polar anisotropic case and the tetragonal case. We also present new suf-
ficient conditions for the strong ellipticity of the orthotropic case. These,
in a certain sense, further reveal the physical meanings of M-eigenvalues.
Keywords. M-eigenvalue, Z-eigenvalue, Elasticity tensor, Strong ellipticity,
Positive definiteness, Elastic modulus
1 Introduction
The elasticity tensor C is a fourth-rank tensor, namely a four-linear map C:
R
3 × R3 × R3 × R3 → R. With respect to the basis {∂i} in a local coordinate
system, the components of C is expressed by cijkl = C(∂i, ∂j , ∂k, ∂l), where
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i, j, k, l ∈ {1, 2, 3}. With respect to the dual basis {dxi}, the elasticity tensor
can be written as C = cijkldxidxjdxkdxl. Using these components, we can
reformulate the tensor C as
C(w, x, y, z) = Cwxyz = cijklwixjykzl,
where w = wi∂i, x = x
i∂i, y = y
i∂i, z = z
i∂i, and we adopt the Einstein
convention of summing over the repeated indices. When working on the or-
thonormal Cartesian coordinate system with a Euclidean metric given by the
Kronecker delta, the covariant and contravariant types do not differ, and the
indices can be upper or lower, and hence we have the option to work with only
subscripts in the remainder of this article.
For the fourth-order elasticity or stiffness tensor C, the strong ellipticity is
defined by the following function to be positive.
f(x, y) = Cxyxy = Cijklxiyjxkyl > 0, ∀x, y ∈ R3.
Such strong ellipticity condition ensures that the governing differential equations
for elastostatics problems be completely elliptic. It is an important property in
the elasticity theory associated with uniqueness, instability, wave propagation,
etc, and has been studied extensively [2, 3, 8, 9, 10, 11, 16, 17, 21, 22, 23, 25,
26, 27, 28, 31, 32, 33].
In 2009, Qi, Dai and Han [24] introduced the M-eigenvalues for the elas-
ticity tensor. Here, the letter “M” means mechanics. It was shown that the
strong ellipticity condition holds if and only if the optimal value of a global
polynomial optimization problem is positive, which further naturally leads to
the M-eigenvalue problem from the optimality condition.
The M-eigenvalues θ of the elasticity tensor C are defined as follows.
C · yxy = θx, (1)
C xyx· = θy, (2)
under the constraints xTx = 1 and yT y = 1. Here, (C · yxy)i = Cijklyjxkyl and
(C xyx·)l = Cijklxiyjxk in the Einstein summation notation. It was shown that
M-eigenvalues are invariant under coordinate system choices, and the strong
ellipticity condition holds if and only if all the M-eigenvalue of the elasticity
tensor C are positive [24]. Thus, M-eigenvalues are some intrinsic parameters of
the elasticity tensor.
The M-eigenvalue problem can be reduced to the Z-eigenvalue problem.
Cx3 = ηx, (3)
where xTx = 1, and η is the Z-eigenvalue. As the M-eigenvalue is associated
with the strong ellipticity, the Z-eigenvalue is related to the rank-one positive
definiteness of C. All the Z-eigenvalues are M-eigenvalues of C, but not vice versa.
Obviously, the positiveness of Z-eigenvalues provides the necessary conditions
for the strong ellipticity of material.
We note that there exists the major symmetry Cijkl = Cklij , and the mi-
nor symmetry Cijkl = Cjikl and Cijkl = Cijlk . The requirement of the sym-
metry reduces the number of different elements to 21. Checking the invari-
ance of C under a specific transformation Q can further reduces this num-
ber for some special cases. If the material response is to be the same, i.e.,
2
Cijkl = QimQjnQkpQlqCmnpq, then it yields the material symmetry relation,
which will provide a system of equations that allows reduction in the number of
independent elastic moduli [20, 30]. For example, as to an orthotropic material,
it has three mutually perpendicular symmetry planes, and this type of material
has nine independent material constants. Common examples of such materials
include wood and fiber-reinforced composites. Omitting the zero elements, the
M-eigenvalue problem (1)-(2) for this case reads
C1111y1x1y1 + (C1122 + C1221)y1x2y2 + (C1133 + C1331)y1x3y3 + C1313y3x1y3 + C1212y2x1y2 = θx1,
(C2211 + C2112)y2x1y1 + C2222y2x2y2 + (C2233 + C2332)y2x3y3 + C2323y3x2y3 + C2121y1x2y1 = θx2,
(C3311 + C3113)y3x1y1 + (C3322 + C3223)y3x2y2 + C3333y3x3y3 + C3232y2x3y2 + C3131y1x3y1 = θx3,
C1111x1y1x1 + (C2211 + C1221)x2y2x1 + (C3311 + C1331)x3y3x1 + C3131x3y1x3 + C2121x2y1x2 = θy1 ,
(C1122 + C2112)x1y1x2 + C2222x2y2x2 + (C3322 + C2332)x3y3x2 + C3232x3y2x3 + C1212x1y2x1 = θy2 ,
(C1133 + C3113)x1y1x3 + (C2233 + C3223)x2y2x3 + C3333x3y3x3 + C2323x2y3x2 + C1313x1y3x1 = θy3 .
To keep accordance with the standard shorthand notation in the theory of
elasticity, we need the Voigt notation or the Kelvin notation. Since the minor
symmetries are valid, the fourth-order stiffness tensor Cijkl may be written as
a 6× 6 stiffness matrix (cαβ) (a tensor of second order). Due to the major sym-
metry, this matrix is also symmetric. In the Voigt notation, each pair of indices
is compressed into one index, and the standard mapping for tensor indices reads
as follows.
ij =
⇓
α =
11 22 33 23, 32 13, 31 12, 21
⇓ ⇓ ⇓ ⇓ ⇓ ⇓
1 2 3 4 5 6
For example, in a properly chosen coordinate system, the Voigt matrix of the
orthotropic material has the following form.
(cαβ) =


c11 c12 c13 0 0 0
c12 c22 c23 0 0 0
c13 c23 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66


.
The elasticity tensor is described by nine parameters: c11 = C1111, c22 = C2222,
c33 = C3333, c23 = C2233, c13 = C1133, c12 = C1122, c44 = C2323 = C3232,
c55 = C1313 = C3131, and c66 = C1212 = C2121.
Considering the symmetries in the elasticity tensor C, we naturally introduce
the following eigenproblem.
Cijklxkl = ζ xij , (4)
where the eigentensor xij is symmetric. Such eigenproblem is closely related to
the positive definiteness of C, a less general hypothesis than the strong ellipticity,
which also guarantees the uniqueness of solutions in problems of elasticity [13,
P.159]. The elasticity stiffness tensor C must be positive definite [30, P.48][29,
P.34]. That is, The strain energy density or elastic potential satisfies
1
2
Cijklǫijǫkl > 0,
3
where ǫij is any symmetric strain tensor. It physically means that energy is
needed to deform an elastic body from its unloaded equilibrium position [14].
The condition for the positiveness of strain energy can be replaced by the less
restrictive condition Cijklγijγkl > 0, where the γij need not be symmetric [29,
P.34].
Considering the symmetry of C, we rewrite (4) in its equivalent matrix form.


C1111 C1122 C1133
√
2C1123
√
2C1113
√
2C1112
C2211 C2222 C2233
√
2C2223
√
2C2213
√
2C2212
C3311 C3322 C3333
√
2C3323
√
2C3313
√
2C3312√
2C2311
√
2C2322
√
2C2333 2C2323 2C2313 2C2312√
2C1311
√
2C1322
√
2C1333 2C1323 2C1313 2C1312√
2C1211
√
2C1222
√
2C1233 2C1223 2C1213 2C1212




x11
x22
x33√
2x23√
2x13√
2x12


= ζ


x11
x22
x33√
2x23√
2x13√
2x12


.
The positiveness condition corresponds to impose that all the eigenvalues ζ
are positive [30]. What’s more, the positive definiteness of C implies strong
ellipticity, while the converse statement is not true [13, P.159]. In other words,
the positive definiteness conditions are sufficient for the strong ellipticity.
In the following, we consider five further simplified cases of the orthotropic
material: the isotropic case, the cubic case, the polar anisotropic case, the
tetragonal case and the orthotropic case, which have two, three, five, six and
nine independent elastic parameters respectively. In this paper, we will show
that the M-eigenvalues are closely related with some elastic moduli, such as the
bulk modulus, the shear modulus, Lame´’s first parameter, the P-wave modulus,
etc. In fact, all the elastic constants in the diagonal of stiffness matrix (cαβ)
are M-eigenvalues. The positiveness of the M-eigenvalues are corresponding to
some existing conditions for strong ellipticity in some special cases, such as the
isotropic case, the cubic case and the polar anisotropic case. Thus, in a certain
sense, these further reveal the physical meanings of M-eigenvalues.
2 Isotropy
An isotropic material has uniform properties independent on its orientation,
and only two material constants are required to characterize such material. The
elasticity tensor of isotropic material is given as follows.
Cijkl = Kδijδkl +G
(
δikδjl + δilδjk − 2
3
δijδkl
)
,
where δij is the Kronecker delta, K is the bulk modulus (or incompressibility),
and G is the shear modulus (or rigidity), also usually denoted by µ. Besides,
Young’s modulus E and Poissons ratio ν are the most common properties used to
characterize elastic solids, where ν = E2µ−1. Young’s modulus E is usually large.
Poisson’s ratio ν typically ranges from 0.2 to 0.49 and is around 0.3 for most
metals. For a stable material, −1 < ν < 0.5, and the solid is incompressible if
ν = 0.5. The bulk modulus K is usually bigger than E, while the shear modulus
is usually somewhat smaller than E [2, p.75]. Such practical considerations will
be used in Section 4 to set up the conditions for strong ellipticity.
Using the Einstein summation convention of summing on repeated indices,
we can rewrite (1) as Cijklyjxkyl = θxi (i = 1, 2, 3). Direct calculation yields
4
that
Cijklyjxkyl = Kyixkxk +G(yixiyl + ykxkyi − 2
3
yixkyk)
=
(
K +
G
3
)
xkykyi +Gylylxi = θxi, (i = 1, 2, 3). (5)
Similarly from (2), we have Cijklxiyjxk = θyl (l = 1, 2, 3). We can calculate
that
Cijklxiyjxk = Kxiyixl +G(xkylxk + xlykxk − 2
3
xiyixl)
=
(
K +
G
3
)
xiyixl +Gxkxkyl = θyl, (l = 1, 2, 3). (6)
Notice that xkxk = ylyl = 1, and xiyi ≡ 〈x, y〉, we can reformulate (5) and
(6) as (
K +
G
3
)
〈x, y〉yi = (θ −G)xi, i = 1, 2, 3.
(
K +
G
3
)
〈x, y〉xl = (θ −G)yl, l = 1, 2, 3.
We can see that
(i) If 〈x, y〉 = 0, then θ = G.
(ii) If not, then θ 6= G. We can derive that x = ±y, and K + G3 = θ−G, that
is, θ = K + 43G.
Thus, we have two M-eigenvalues:
θ1 = G, θ2 = K +
4
3
G.
The first M-eigenvalue θ1 is the shear modulus G (or µ), and the second
M-eigenvalue θ2 is the P-wave modulus K +
4
3G. Let ρ be the density, then
vP :=
√
θ2/ρ =
√
(K + 43G)/ρ and vS :=
√
θ1/ρ =
√
G/ρ are the velocities of
so-called longitudinal and shear elastic waves, and in the seismological literature,
the corresponding plane waves are called P-waves and S-waves [2, P.241].
Using the shear modulus µ and Lame´’s first parameter λ = K − 23µ, the
M-eigenvalues can be rewritten as
θ1 = µ, θ2 = λ+ 2µ.
Although the shear modulus µ must be positive, Lame´’s first parameter λ can
be negative in principle; however, for most materials it is also positive. Hence,
in the isotropic case, strong ellipticity holds if and only if θ2 > 0, i.e., λ > −2µ.
Note that for the isotropic case the elasticity tensor can be rewritten as
Cijkl = λδijδkl + µ(δikδjl + δilδjk). Direct calculations yield that
Cxyxy = (λ+ 2µ)〈x, y〉2 + µ (〈x, x〉〈y, y〉 − 〈x, y〉2) .
From this formula we can also derive the strong ellipticity conditions: µ > 0
and λ > −2µ. Besides, we can derive that the Z-eigenvalue for this case is
η = K + 43G = λ + 2µ. The positive definiteness of the strain energy yields
µ > 0 and λ+ 23µ > 0 [29, P.56]. Obviously, the Z-eigenvalue gives a necessary
condition, and the positive definiteness provides a sufficient condition for the
strong ellipticity, respectively.
5
3 Cubic system
Cubic crystals, the simplest anisotropic case, can be described by three inde-
pendent elasticity constants. In a properly chosen coordinate system, they can
be put into the following Voigt matrix:
(cαβ) =


c11 c12 c12 0 0 0
c12 c11 c12 0 0 0
c12 c12 c11 0 0 0
0 0 0 c66 0 0
0 0 0 0 c66 0
0 0 0 0 0 c66


.
Define c11 := β1, c66 := β2 and c12 := β3. The M-eigenvalue problem is
given as follows.
x1(β1y
2
1 + β2y
2
2 + β2y
2
3) + (β3 + β2)y1(x2y2 + x3y3) = θx1,
x2(β2y
2
1 + β1y
2
2 + β2y
2
3) + (β3 + β2)y2(x1y1 + x3y3) = θx2,
x3(β2y
2
1 + β2y
2
2 + β1y
2
3) + (β3 + β2)y3(x1y1 + x2y2) = θx3,
y1(β1x
2
1 + β2x
2
2 + β2x
2
3) + (β3 + β2)x1(x2y2 + x3y3) = θy1,
y2(β2x
2
1 + β1x
2
2 + β2x
2
3) + (β3 + β2)x2(x1y1 + x3y3) = θy2,
y3(β2x
2
1 + β2x
2
2 + β1x
2
3) + (β3 + β2)x3(x1y1 + x2y2) = θy3.
We can observe the symmetry in the polynomials above. The system of
polynomial equations is unchanged if we perform the following operations: (1)
Exchanging xi with yi, denoted by xi ↔ yi (i = 1, 2, 3); (2) Exchanging xi with
xj and meanwhile yi with yj (xi ↔ xj and yi ↔ yj); (3) Cyclic permutations of
the variables (x1 → x2 → x3 → x1 and y1 → y2 → y3 → y1).
Take into account the constraints x21 + x
2
2 + x
2
3 = 1 and y
2
1 + y
2
2 + y
2
3 = 1. It
is equivalent to
(β1 − β2)x1y21 + (β3 + β2)y1(x2y2 + x3y3) = (θ − β2)x1,
(β1 − β2)x2y22 + (β3 + β2)y2(x1y1 + x3y3) = (θ − β2)x2,
(β1 − β2)x3y23 + (β3 + β2)y3(x1y1 + x2y2) = (θ − β2)x3,
(β1 − β2)y1x21 + (β3 + β2)x1(x2y2 + x3y3) = (θ − β2)y1,
(β1 − β2)y2x22 + (β3 + β2)x2(x1y1 + x3y3) = (θ − β2)y2,
(β1 − β2)y3x23 + (β3 + β2)x3(x1y1 + x2y2) = (θ − β2)y3.
It is easy to verify that
(θ − β2)x2i = (θ − β2)y2i = xiyi[(β1 − β2)xiyi + (β3 + β2)(xjyj + xkyk)],
where (i, j, k) = (1, 2, 3), (2, 3, 1), or (3, 1, 2), and no summation convention used
here for the subscripts i, j and k. It is obvious that θ = β2, x = (1, 0, 0) and
y = (0, 1, 0) are one admissible solution. What’s more, we have |xi| = |yi| (i =
1, 2, 3). In the following, we will consider different cases.
(I) Three components equal. That is, x = y. The system of polynomial
equations reduce to
(β1 − β2)x31 + (β3 + β2)x1(x22 + x33) = (θ − β2)x1,
(β1 − β2)x32 + (β3 + β2)x2(x21 + x23) = (θ − β2)x2,
(β1 − β2)x33 + (β3 + β2)x3(x21 + x22) = (θ − β2)x3.
6
If xi (i = 1, 2, 3) are nonzeros, i.e., x1x2x3 6= 0, we have θ = β1+4β2+2β33 . If only
one component in x is zero, then we obtain θ = β1+2β2+β32 . If two entries are
zeros, then we get θ = β1.
(II) Two components equal. Considering the cyclic permutation symmetry
of the polynomials, we set, for example, x1 = y1, x2 = y2 and x3 = −y3. The
system of polynomial equations become
x1[(β1 − β2)x21 + (β3 + β2)(x22 − x33) = (θ − β2)x1,
x2[(β1 − β2)x22 + (β3 + β2)(x21 − x23) = (θ − β2)x2,
(β1 + β3)x
2
3 = θ + β3.
Here we use x3 6= 0, otherwise it reduces the former case. If x1x2 6= 0, from the
first two equations above, we have (β1−β2)(1−x23)+(β3+β2)(1−3x23) = 2(θ−β2).
Combining with the third equation above, then we have
θ =
β21 + 2β1β2 + β1β3 − 2β23
3β1 + 2β2 + 5β3
,
x23 =
β1 + 2β2 + 3β3
3β1 + 2β2 + 5β3
, x22 = x
2
1 =
β1 + β3
3β1 + 2β2 + 5β3
.
If x2 = 0, x1 6= 0, we have θ = β1; If x1 = 0, x2 6= 0, we have θ = (β1 − β3)/2.
(III) One component equals. For example, x1 = y1, x2 = −y2 and x3 = −y3.
The system of polynomial equations read
(β1 + β3)x
3
1 = (θ + β3)x1,
x2[(β1 − β2)x22 − (β3 + β2)(x21 − x23) = (θ − β2)x2,
x3[(β1 − β2)x23 − (β3 + β2)(x21 − x32) = (θ − β2)x3.
For x1 6= 0, we find that θ = β
2
1+2β1β2+β1β3−2β
2
3
3β1+2β2+5β3
when x2x3 6= 0, and θ = β1−β32
when x2x3 = 0. For x1 = 0, we find that θ =
β1+2β2+β3
2 when x2x3 6= 0, and
θ = β1 when x2x3 = 0. This case does not yield any new M-eigenvalues. By
the way, the case where x = −y can be reduced to the first case, and does not
give new M-eigenvalues either.
In all, we can find the following M-eigenvalues:
θ1 = β1,
θ2 = β2,
θ3 =
β1 − β3
2
,
θ4 =
β1 + 2β2 + β3
2
,
θ5 =
β1 + 4β2 + 2β3
3
,
θ6 =
β21 + 2β1β2 + β1β3 − 2β23
3β1 + 2β2 + 5β3
.
For the cubic system the Z-eigenvalue problem (3) reduces to
(β1 − 2β2 − β3)x3j = (η − 2β2 − β3)xj (j = 1, 2, 3).
7
Hence, we have the Z-eigenvalues: η1 = β1, η2 =
β1+β3
2 + β2, and η3 =
β1+2β3+4β2
3 .
Let ν be the Poisson’s ratio, and E the Young’s modulus. Then β1 = c11 =
E(1 − ν)/(1 − ν − 2ν2), β2 = c66 = µ, and β3 = c12 = Eν/(1 − ν − 2ν2). The
ratio
A :=
θ2
θ3
=
2β2
β1 − β3 =
2c66
c11 − c12 =
2µ(1 + ν)
E
provides a convenient measure of anisotropy [2, p.87], often referred to as the
anisotropy factor. For A = 1, the material is isotropic. The M-eigenvalues θ1,
θ2 are obviously the elasticity constants, and the M-eigenvalues θ3, θ4, and θ5
are related to distinct wave types [12, p.269].
For the strong ellipticity of cubic material, the necessary conditions are that
θi > 0 (i = 1, · · · , 5), i.e.,
c11 > 0, c66 > 0, c11 > c12, (7)
c11 + 2c66 + c12 > 0, c11 + 4c66 + 2c12 > 0. (8)
Suppose that the absolute value β3 is small, then θ6 ≈ 2β1θ43β1+2β2 > 0. Note
that the numerator of θ6 is 2β1β2 + (β1 − β3)(β1 + 2β3) and the denominator
of θ6 is
1
2β1 + 2β2 +
5
2 (β1 + 2β3). Thus, β1 + 2β3 > 0 is sufficient to guarantee
θ6 > 0. Using the elasticity constants, this condition is reexpressed as
c11 + 2c12 > 0. (9)
The quantity c11+2c12 is the bulk modulus for three-dimensional deformations,
and the condition above is necessary for the positive definiteness of elasticity
tensor [30, P.51] [29, P.59]. We note that the conditions (7), (8) and (9) are
sufficient for the strong ellipticity. The cubic materials, such as Au, Cu, NaCl,
MgAl2O4, FeO, MgO, FeS2, Fe3O4, etc., satisfy these conditions [1, P.46].
Remarks. Using the positiveness of the M-eigenvalues θ3 and θ4, we have
4θ3θ4 = (β1−β3)(β1+β3+2β2) > 0, that is, (β3+β2)2 < (β1+β2)2. Hence from
the positiveness of first four M-eigenvalues, we have the necessary conditions
β1 > 0, β2 > 0, |β3 + β2| < β1 + β2.
These are equivalent to the already known results, the strong ellipticity condi-
tions for cubic system [3]:
c11 > 0, c66 > 0, |c12 + c66| < c11 + c66.
4 Polar anisotropy
The polar anisotropy is the best known anisotropic case, also called the trans-
verse isotropy. Many materials belong to this class, for instance, wood, fiber
reinforced composites, laminated steel and so on. The corresponding Voigt ma-
trix has the following form:
(cαβ) =


c11 c11 − 2c66 c13 0 0 0
c11 − 2c66 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c66


.
8
The elasticity tensor is described by five transversely isotropic parameters: c11 =
c22 = C1111 = C2222 := α1, c33 = C3333 := α2, c44 = c55 = C2323 = C3131 := α3,
c66 = C1212 := α4, c23 = c13 = C2233 = C1133 := α5, c12 = C1122 = α1 − 2α4.
The corresponding M-eigenvalue problem reads as follows.
x1(α1y
2
1 + α4y
2
2 + α3y
2
3) + y1[(α1 − α4)x2y2 + (α3 + α5)x3y3] = θx1,
x2(α1y
2
2 + α4y
2
1 + α3y
2
3) + y2[(α1 − α4)x1y1 + (α3 + α5)x3y3] = θx2,
x3(α3y
2
1 + α3y
2
2 + α2y
2
3) + (α3 + α5)y3(x1y1 + x2y2) = θx3,
y1(α1x
2
1 + α4x
2
2 + α3x
2
3) + x1[(α1 − α4)x2y2 + (α3 + α5)x3y3] = θy1,
y2(α1x
2
2 + α4x
2
1 + α3x
2
3) + x2[(α1 − α4)x1y1 + (α3 + α5)x3y3] = θy2,
y3(α3x
2
1 + α3x
2
2 + α2x
2
3) + (α3 + α5)x3(x1y1 + x2y2) = θy3.
Take into account the constraints x21 + x
2
2 + x
2
3 = 1 and y
2
1 + y
2
2 + y
2
3 = 1. It
is equivalent to
x1[(α1 − α3)y21 + (α4 − α3)y22 ] + y1[(α1 − α4)x2y2 + (α3 + α5)x3y3] = (θ − α3)x1,
x2[(α1 − α3)y22 + (α4 − α3)y21 ] + y2[(α1 − α4)x1y1 + (α3 + α5)x3y3] = (θ − α3)x2,
(α2 − α3)x3y23 + (α3 + α5)y3(x1y1 + x2y2) = (θ − α3)x3,
y1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α1 − α4)x2y2 + (α3 + α5)x3y3] = (θ − α3)y1,
y2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α1 − α4)x1y1 + (α3 + α5)x3y3] = (θ − α3)y2,
(α2 − α3)y3x23 + (α3 + α5)x3(x1y1 + x2y2) = (θ − α3)y3.
We can verify that
(θ − α3)x23 = (θ − α3)y23 = (α2 − α3)x23y23 + (α3 + α5)x3y3(x1y1 + x2y2).
Hence, θ = α3, or |x3| = |y3|. For the case where x3 = y3 = 0, we obtain θ = α1
and α4. Then in the following we only consider |x3| = |y3| 6= 0.
(I) The case where x3 = y3. We need to solve
x1[(α1 − α3)y21 + (α4 − α3)y22 ] + y1[(α1 − α4)x2y2 + (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)y22 + (α4 − α3)y21 ] + y2[(α1 − α4)x1y1 + (α3 + α5)x23] = (θ − α3)x2,
y1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α1 − α4)x2y2 + (α3 + α5)x23] = (θ − α3)y1,
y2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α1 − α4)x1y1 + (α3 + α5)x23] = (θ − α3)y2,
(α2 − α3)x33 + (α3 + α5)x3(x1y1 + x2y2) = (θ − α3)x3.
We observe that the system of polynomial equations is symmetric when x1
exchanges with x2 and y1 exchanges with y2 (x1 ↔ x2 and y1 ↔ y2). We
therefore set x1 = x2 and y1 = y2, and the unknowns are x1, y1, x3 and θ. Then
we have
(α1 − 2α3 + α4)x1y21 + y1[(α1 − α4)x1y1 + (α3 + α5)x23] = (θ − α3)x1,
(α1 − 2α3 + α4)y1x21 + x1[(α1 − α4)x1y1 + (α3 + α5)x23] = (θ − α3)y1,
(α2 − α3)x33 + 2(α3 + α5)x3x1y1 = (θ − α3)x3.
We have the M-eigenvalues: θ = α1, θ = α2, θ =
α1α2−α
2
5
α1+α2+2α5
, θ = α1α2−(2α3+α5)
2
α1+α2−2(2α3+α5)
.
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Using the symmetry denoted by x1 ↔ y1 and x2 ↔ y2, we have the system
of polynomial equations with unknowns x1, x2, x3 and θ.
x1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α1 − α4)x22 + (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α1 − α4)x21 + (α3 + α5)x23] = (θ − α3)x2,
(α2 − α3)x33 + (α3 + α5)x3(x21 + x22) = (θ − α3)x3.
We have the M-eigenvalues: θ = α1, θ = α2, θ =
α1α2−(2α3+α5)
2
α1+α2−2(2α3+α5)
.
1
(II) The case where x3 = −y3. We need to solve
x1[(α1 − α3)y21 + (α4 − α3)y22 ] + y1[(α1 − α4)x2y2 − (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)y22 + (α4 − α3)y21 ] + y2[(α1 − α4)x1y1 − (α3 + α5)x23] = (θ − α3)x2,
y1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α1 − α4)x2y2 − (α3 + α5)x23] = (θ − α3)y1,
y2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α1 − α4)x1y1 − (α3 + α5)x23] = (θ − α3)y2,
(α2 − α3)x33 − (α3 + α5)x3(x1y1 + x2y2) = (θ − α3)x3.
Using the symmetry denoted by x1 ↔ x2 and y1 ↔ y2, we have
(α1 − 2α3 + α4)x1y21 + y1[(α1 − α4)x1y1 − (α3 + α5)x23] = (θ − α3)x1,
(α1 − 2α3 + α4)y1x21 + x1[(α1 − α4)x1y1 − (α3 + α5)x23] = (θ − α3)y1,
(α2 − α3)x33 − 2(α3 + α5)x3x1y1 = (θ − α3)x3.
We have the M-eigenvalues: θ = α1, θ = α2, θ =
α1α2−α
2
5
α1+α2+2α5
, θ = α1α2−(2α3+α5)
2
α1+α2−2(2α3+α5)
.
Using the symmetry denoted by x1 ↔ y1 and x2 ↔ y2, we have
x1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α1 − α4)x22 − (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α1 − α4)x21 − (α3 + α5)x23] = (θ − α3)x2,
(α2 − α3)x33 − (α3 + α5)x3(x21 + x22) = (θ − α3)x3.
We have the M-eigenvalues: θ = α1, θ = α2, θ =
α1α2−α
2
5
α1+α2+2α5
.
2
1 The system of polynomial equations is symmetric about x1 and ±y1. In fact, the con-
ditions that x1 = x2 and y1 = y2 also imply that |x1| = |y1|. Then the unknowns are x1, x3
and θ, and the system of polynomial equations read
2(α1 − α3)x
3
1 + (α3 + α5)x1x
2
3 = (θ − α3)x1,
(α2 − 2α3 − α5)x
3
3 = (θ − 2α3 − α5)x3,
together with the constraint 2x21 + x
2
3 = 1. When x1x3 6= 0, we have
θ =
α1α2 − (2α3 + α5)2
α1 + α2 − 2(2α3 + α5)
.
When x1 = 0, that is x3 = 1, then we have θ = α2. In addition, we have θ = α1.
2 Observing that the system of polynomial equations is symmetric when x1 exchanges with
x2 and y1 exchanges with y2 (x1 ↔ x2 and y1 ↔ y2), and noticing that x1 = x2 and y1 = y2
also imply that x1 = y1, we have the system about three unknowns x1, x3 and θ.
2(α1 − α3)x
3
1 − (α3 + α5)x1x
2
3 = (θ − α3)x1,
(α2 + α5)x
3
3 = (θ + α5)x3.
Therefore, we have the M-eigenvalues: θ = α2 and θ =
α1α2−α
2
5
α1+α2+2α5
. In addition, we have
θ = α1.
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x
±10
0



 0±1
0



 00
±1



 00
±1



±10
0



 00
±1



 0±1
0



 0±1
0



±10
0



±ψ0
±φ



 0±ψ
±φ



 0±η
±ζ



±η0
±ζ


y x x x ±P 2x ±Px ±Px ±P 2x ±Px ±P 2x ±Λx ±Dx ±x ±x2
θ α1 α1 α2 α3 α3 α3 α3 α4 α4 θ5 θ5 θ6 θ6
Table 1: M-eigenvalues and eigenvectors of polar anisotropic case.
Define the following notations:
Λ = diag(1, 0,−1), D = diag(0, 1,−1), P =

0 1 00 0 1
1 0 0

 ;
ζ =
√
2α3 + α5 − α1
4α3 + 2α5 − α1 − α2 , φ =
√
α1 + α5
α1 + α2 + 2α5
,
η =
√
2α3 + α5 − α2
4α3 + 2α5 − α1 − α2 , ψ =
√
α2 + α5
α1 + α2 + 2α5
.
We list 62 M-eigenvalue pairs and show them in Table 1. We find the following
six M-eigenvalues θi:
θi = αi, (i = 1, 2, 3, 4)
θ5 =
α1α2 − α25
α1 + α2 + 2α5
,
θ6 =
α1α2 − (2α3 + α5)2
α1 + α2 − 2(2α3 + α5) .
The corresponding Z-eigenvalue problem reduces to
(−α1 + 2α3 + α5)x1x23 = x1(η − α1),
(−α1 + 2α3 + α5)x2x23 = x2(η − α1),
(α2 − 2α3 − α5)x33 = x3(η − 2α3 − α5).
We can deduce the Z-eigenvalues: η1 = α1, η2 = α2 and η3 = θ6.
Note that αk(k = 1, · · · , 4) are the elasticity constants defined in terms of
generalized Young’s moduli, shear moduli and Poisson’s ratios [2, p.84]. That is,
θ1 = α1 = Ep(1− νptνtp)γ, θ2 = α2 = Et(1− ν2p)γ, θ3 = α3 = µt, θ4 = α4 = µp
with γ = 1/(1 − ν2p − 2νtpνtp − 2νpνptνtp), where Ep = E1 = E2, Et = E3,
νp = ν12 = ν21, νtp = ν31 = ν32, νpt = ν13 = ν23, µp = Ep/2(1 + νp), and Ek
is the Young’s modulus along axis k, νij is the Poisson’s ratio corresponding to
a contraction in direction j while an extension in direction i. In addition, the
elasticity constant α5 = Ep(νtp + νpνtp)γ.
Since the strong ellipticity is equivalent to the positiveness of the M-eigenvalues
[24], We now in the position to investigate the positiveness of M-eigenvalues.
We need the basic fact: If a > 0, b > 0 then ab−c
2
a+b−2c > 0 is equivalent to the
conditions that |c| <
√
ab or c > a+b2 . For θ5 > 0, we have |α5| <
√
α1α2 or
α5 < −α1+α22 . For θ6 > 0, we have |2α3 + α5| <
√
α1α2 or 2α3 + α5 >
α1+α2
2 .
All the Young’s and shear moduli are strictly positive quantities, and usually
Young’s moduli are large while the shear moduli are small and Poisson’s ratios
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are even smaller [5, 15, 18] [2, p.73, Table 3.1] [2, p.75] [12, p.285]. Due to
the practical considerations, we reject the conditions that α5 < −α1+α22 , and
provide the following conditions for the strong ellipticity.
αi > 0 (i = 1, 2, 3, 4), |α5| < √α1α2,
|2α3 + α5| < √α1α2 or 2α3 + α5 > α1 + α2
2
.
Notice that α1 = c11, α2 = c33, α3 = c55, α5 = c13 and α1 − 2α4 = c12.
Therefore, we have the following conditions for strong ellipticity.
c11 > 0, c33 > 0, c55 > 0, c11 > c12, (10)
|c13| < √c11c33. (11)
|2c55 + c13| < √c11c33 or 2c55 + c13 > c11 + c33
2
. (12)
For example, the elastic moduli of Al2O3, TiB2 and Zinc satisfy the second
inequality in (12) [7, P.22] [19]; and the elastic constants of GaS, GaSe, MoS2,
NbSe2, SiC, Ti and ZnO satisfy the first condition in in (12) [7, P.22].
Remarks. Since |α3 + α5| − α3 ≤ | |α3 + α5| − α3 | ≤ |α3 + α5 + α3| <√
α1α2. We therefore have |α5 + α3| < α3 +√α1α2, i.e.,
|c13 + c55| < c55 +√c11c33. (13)
Note that the inequalities (10) and (13) already appeared in [3] as the strong
ellipticity conditions of polar anisotropic case.
5 Tetragonal
With respect to a proper orthonormal basis, the tensor of tetragonal symmetry
has seven nonzero elasticities. But by means of a coordinate transformation, it
can be reduced to an elasticity tensor of tetragonal symmetry with six indepen-
dent components. The corresponding Voigt matrix has the following form:
(cαβ) =


c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 c66


.
The elasticity tensor is described by six parameters: c11 = c22 = C1111 =
C2222 := α1, c33 = C3333 := α2, c44 = c55 = C2323 = C3232 = C1313 =
C3131 := α3, c66 = C1212 = C2121 := α4, c13 = c23 = C2233 = C1133 := α5,
c12 = C1122 := α6.
The corresponding M-eigenvalue problem reads as follows.
x1(α1y
2
1 + α4y
2
2 + α3y
2
3) + y1[(α6 + α4)x2y2 + (α3 + α5)x3y3] = θx1,
x2(α1y
2
2 + α4y
2
1 + α3y
2
3) + y2[(α6 + α4)x1y1 + (α3 + α5)x3y3] = θx2,
x3(α3y
2
1 + α3y
2
2 + α2y
2
3) + (α3 + α5)y3(x1y1 + x2y2) = θx3,
y1(α1x
2
1 + α4x
2
2 + α3x
2
3) + x1[(α6 + α4)x2y2 + (α3 + α5)x3y3] = θy1,
y2(α1x
2
2 + α4x
2
1 + α3x
2
3) + x2[(α6 + α4)x1y1 + (α3 + α5)x3y3] = θy2,
y3(α3x
2
1 + α3x
2
2 + α2x
2
3) + (α3 + α5)x3(x1y1 + x2y2) = θy3.
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Using the constraints x21 + x
2
2 + x
2
3 = 1 and y
2
1 + y
2
2 + y
2
3 = 1, we have the
following equivalent reformulation.
x1[(α1 − α3)y21 + (α4 − α3)y22 ] + y1[(α6 + α4)x2y2 + (α3 + α5)x3y3] = (θ − α3)x1,
x2[(α1 − α3)y22 + (α4 − α3)y21 ] + y2[(α6 + α4)x1y1 + (α3 + α5)x3y3] = (θ − α3)x2,
(α2 − α3)x3y23 + (α3 + α5)y3(x1y1 + x2y2) = (θ − α3)x3,
y1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α6 + α4)x2y2 + (α3 + α5)x3y3] = (θ − α3)y1,
y2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α6 + α4)x1y1 + (α3 + α5)x3y3] = (θ − α3)y2,
(α2 − α3)y3x23 + (α3 + α5)x3(x1y1 + x2y2) = (θ − α3)y3.
If we set α6 + α4 = α1 − α4, we can recover the polynomials arising from
the transverse isotropic case. From the system of polynomial equations above,
we can easily verify that (θ − α3)x23 = (θ − α3)y23 . Hence, we have θ = α3 or
|x3| = |y3|.
For the case where x3 = y3 = 0, we have
x1[(α1 − α3)y21 + (α4 − α3)y22 ] + (α6 + α4)y1x2y2 = (θ − α3)x1,
x2[(α1 − α3)y22 + (α4 − α3)y21 ] + (α6 + α4)y2x1y1 = (θ − α3)x2,
y1[(α1 − α3)x21 + (α4 − α3)x22] + (α6 + α4)x1x2y2 = (θ − α3)y1,
y2[(α1 − α3)x22 + (α4 − α3)x21] + (α6 + α4)x2x1y1 = (θ − α3)y2.
We obtain θ = α1, α4,
α1−α6
2 and
α1+2α4+α6
2 . Then in the following we can
only consider |x3| = |y3| 6= 0.
(I) For the case where x3 = y3, we have
x1[(α1 − α3)y21 + (α4 − α3)y22 ] + y1[(α6 + α4)x2y2 + (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)y22 + (α4 − α3)y21 ] + y2[(α6 + α4)x1y1 + (α3 + α5)x23] = (θ − α3)x2,
y1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α6 + α4)x2y2 + (α3 + α5)x23] = (θ − α3)y1,
y2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α6 + α4)x1y1 + (α3 + α5)x23] = (θ − α3)y2,
(α2 − α3)x33 + (α3 + α5)x3(x1y1 + x2y2) = (θ − α3)x3.
Using the symmetry of the system of polynomials among x1 ↔ x2 and
y1 ↔ y2, we have
(α1 − 2α3 + α4)x1y21 + y1[(α6 + α4)x1y1 + (α3 + α5)x23] = (θ − α3)x1,
(α1 − 2α3 + α4)y1x21 + x1[(α6 + α4)x1y1 + (α3 + α5)x23] = (θ − α3)y1,
(α2 − α3)x33 + 2(α3 + α5)x3x1y1 = (θ − α3)x3
The we have the M-eigenvalues: θ = α2, θ =
1
2 (α6+2α4+α1), θ =
α2(α6+2α4+α1)−2α
2
5
2α2+α6+2α4+α1+4α5
,
θ = (α6+2α4+α1)α2−2(2α3+α5)
2
α6+2α4+α1+2α2−4(2α3+α5)
.
Using the symmetry: x1 ↔ y1, x2 ↔ y2, we have
x1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α6 + α4)x22 + (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α6 + α4)x21 + (α3 + α5)x23] = (θ − α3)x2,
(α2 − α3)x33 + (α3 + α5)x3(x21 + x22) = (θ − α3)x3.
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And we obtain the M-eigenvalues: θ = α1, θ = α2, θ =
1
2 (α6 + 2α4 + α1),
θ = α1α2−(2α3+α5)
2
α1+α2−2(2α3+α5)
, θ = (α6+2α4+α1)α2−2(2α3+α5)
2
α6+2α4+α1+2α2−4(2α3+α5)
. 3
(II) For the case where x3 = −y3, we have
x1[(α1 − α3)y21 + (α4 − α3)y22 ] + y1[(α6 + α4)x2y2 − (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)y22 + (α4 − α3)y21 ] + y2[(α6 + α4)x1y1 − (α3 + α5)x23] = (θ − α3)x2,
y1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α6 + α4)x2y2 − (α3 + α5)x23] = (θ − α3)y1,
y2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α6 + α4)x1y1 − (α3 + α5)x23] = (θ − α3)y2,
(α2 − α3)x33 − (α3 + α5)x3(x1y1 + x2y2) = (θ − α3)x3.
Using the symmetry of the system of polynomials among x1 ↔ x2 and
y1 ↔ y2, we have
(α1 − 2α3 + α4)x1y21 + y1[(α6 + α4)x1y1 − (α3 + α5)x23] = (θ − α3)x1,
(α1 − 2α3 + α4)y1x21 + x1[(α6 + α4)x1y1 − (α3 + α5)x23] = (θ − α3)y1,
(α2 − α3)x33 − 2(α3 + α5)x3x1y1 = (θ − α3)x3.
The corresponding M-eigenvalues are as follows: θ = α2, θ =
1
2 (α6 +2α4 + α1),
θ =
α2(α6+2α4+α1)−2α
2
5
2α2+α6+2α4+α1+4α5
, θ = (α6+2α4+α1)α2−2(2α3+α5)
2
α6+2α4+α1+2α2−4(2α3+α5)
.
Using the symmetry: x1 ↔ y1 and x2 ↔ y2, we have
x1[(α1 − α3)x21 + (α4 − α3)x22] + x1[(α6 + α4)x22 − (α3 + α5)x23] = (θ − α3)x1,
x2[(α1 − α3)x22 + (α4 − α3)x21] + x2[(α6 + α4)x21 − (α3 + α5)x23] = (θ − α3)x2,
(α2 − α3)x33 − (α3 + α5)x3(x21 + x22) = (θ − α3)x3.
And the M-eigenvalues read as follows: θ = α1, θ = α2, θ =
α1α2−α
2
5
α1+α2+2α5
, θ =
1
2 (α6 + 2α4 + α1), θ =
α2(α6+2α4+α1)−2α
2
5
2α2+α6+2α4+α1+4α5
. 4
3 Finally, again using the symmetry, we arrive at the problem on three unknowns x1, x3
and θ.
(α1 − 2α3 + 2α4 + α6)x
3
1 + (α3 + α5)x1x
2
3 = (θ − α3)x1,
(α2 − 2α3 − α5)x
3
3 = (θ − 2α3 − α5)x3,
2x21 + x
2
3 = 1.
Hence, we have the M-eigenvalues θ = α2, θ =
1
2
(α6 + 2α4 + α1), and θ =
(α6+2α4+α1)α2−2(2α3+α5)
2
α6+2α4+α1+2α2−4(2α3+α5)
.
4 Using more symmetry, we arrive at the problem on three unknowns x1, x3 and θ.
(α1 − 2α3 + 2α4 + α6)x
3
1 − (α3 + α5)x1x
2
3 = (θ − α3)x1,
(α2 + α5)x
3
3 = (θ + α5)x3,
2x21 + x
2
3 = 1.
Therefore, we have the M-eigenvalues: θ = α2, θ =
1
2
(α6 + 2α4 + α1) and θ =
α2(α6+2α4+α1)−2α
2
5
2α2+α6+2α4+α1+4α5
.
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Hence, solving the polynomial system, we find the following M-eigenvalues:
θi = αi, (i = 1, 2, 3, 4)
θ5 =
α1α2 − α25
α1 + α2 + 2α5
,
θ6 =
α1α2 − (2α3 + α5)2
α1 + α2 − 2(2α3 + α5) ,
θ7 =
1
2
(α6 + 2α4 + α1),
θ8 =
1
2
(α1 − α6),
θ9 =
α2(α6 + 2α4 + α1)− 2α25
2α2 + α6 + 2α4 + α1 + 4α5
,
θ10 =
(α6 + 2α4 + α1)α2 − 2(2α3 + α5)2
α6 + 2α4 + α1 + 2α2 − 4(2α3 + α5) .
Note that θ9 =
θ7α2−α
2
5
θ7+α2+2α5
, θ10 =
θ7α2−(2α3+α5)
2
θ7+α2−2(2α3+α5)
. When α6 = α1 − 2α4, we
have θ7 = θ1, θ8 = θ4, θ9 = θ5 and θ10 = θ6, and we recover the M-eigenvalues
for the polar anisotropic case.
The corresponding Z-eigenvalue problem reads
x1[(α1 − 2α3 − α5)x21 + (α6 + 2α4 − 2α3 − α5)x22] = (η − 2α3 − α5)x1,
x2[(α1 − 2α3 − α5)x22 + (α6 + 2α4 − 2α3 − α5)x21] = (η − 2α3 − α5)x2,
(α2 − 2α3 − α5)x33 = (η − 2α3 − α5)x3.
We can calculate the Z-eigenvalues:
η1 =
1
2
(α6 + 2α4 + α1),
η2 = α2,
η3 =
α1α2 − (2α3 + α5)2
α1 + α2 − 2(2α3 + α5) ,
η4 =
(α6 + 2α4 + α1)α2 − 2(2α3 + α5)2
α6 + 2α4 + α1 + 2α2 − 4(2α3 + α5) .
If α6 = α1 − 2α4, then η1 = α1 and η3 = η4, and the results reduce to the
Z-eigenvalues of the polar anisotropic system.
We can easily check that the necessary and sufficient conditions for θi >
0(i = 1, · · · , 10) are the following inequalities.
αi > 0 (i = 1, 2, 3, 4), α6 + 2α4 + α1 > 0, α1 > α6, (14)
|α5| < √α1α2, |α5| <
√
θ7α2, (15)
|2α3 + α5| < √α1α2 or 2α3 + α5 > 1
2
(α1 + α2), (16)
|2α3 + α5| <
√
θ7α2 or 2α3 + α5 >
1
2
(θ7 + α2). (17)
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Using the definitions of αi (i = 1, · · · , 6), the six inequalities in (14) and the
two inequalities in (15) can be equivalently expressed as follows.
c11 > 0, c33 > 0, c55 > 0, c66 > 0, c12+2c66+c11 > 0, c11 > c12, (18)
|c13| < min{√c11c33,
√
ζc33}, (19)
where ζ = 12 (c12 + 2c66 + c11). The inequalities in (16) and (17) can be reex-
pressed as follows.
|2c55 + c13| < min{√c11c33,
√
ζc33}, (20)
2c55 + c13 >
1
2
(c33 +max{c11, ζ}) , (21)
1
2
(ζ + c33) < 2c55 + c13 <
√
c11c33, (22)
or
1
2
(c11 + c33) < 2c55 + c13 <
√
ζc33. (23)
In fact, we find that the elastic constants of the materials TeO2, Ba2Si2TiO8,
Ca10Mg2Al4(SiO4)5(Si2O7)2(OH)4, Paratellurite, Scapolite, Fresnoite, etc. sat-
isfy (20); the elastic constants of SiO2 and Zircon satisfy (21); the elastic con-
stants of TiO2, GeO2 and SnO2 satisfy (23); the elastic constants of ZrSiO4
satisfy (22) [1, P.50].
Remarks. From the inequalities in (19) and (20), we have
− 2c55 −√c11c33 < c13 < √c11c33. (24)
Since |2c55 + c13| ≥ ||c55 + c13| − c55|, from the inequalities in (20) we obtain
(|c55 + c13| − c55)2 < 1
2
c33 (c11 + c12 +min{c11 − c12, 2c66}) . (25)
The strong ellipticity conditions (18), (24) and (25) already appeared in [4] (see
[4, (1.6)-(1.8) of Theorem 1]).
Using the fact that |2c55+c13| ≥ |c55+c13|−c55 together with the definition
ζ, and the inequalities in (20), we can derive the following inequalities.
|c55 + c13| < c55 +√c11c33, |c55 + c13| < c55 +
√
ζc33.
That is, |c55+c13| < c55+min{√c11c33,
√
ζc33}. Thus we recover the conditions
given in [33] (see [33, (2.4)-(2.6)]).
6 Orthotropy
An orthotropic material has three mutually perpendicular symmetry planes.
With basis vectors perpendicular to the symmetry planes, the elastic stiffness
matrix has the following form:
(cαβ) =


c11 c12 c13 0 0 0
c12 c22 c23 0 0 0
c13 c23 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c55 0
0 0 0 0 0 c66


.
16
The elasticity tensor is described by nine independent material parameters:
c11 = C1111 := δ1, c22 = C2222 := δ2, c33 = C3333 := δ3, c44 = C2323 = C3232 :=
δ4, c55 = C1313 = C3131 := δ5, c66 = C1212 = C2121 := δ6, c23 = C2233 := δ7,
c13 = C1133 := δ8, c12 = C1122 := δ9. The components of the elastic stiffness
matrix are related to the elastic constants [2, p.83][30, p.47].
The corresponding M-eigenvalue problem reads as follows.
x1(δ1y
2
1 + δ6y
2
2 + δ5y
2
3) + y1[(δ9 + δ6)x2y2 + (δ8 + δ5)x3y3] = θx1,
x2(δ6y
2
1 + δ2y
2
2 + δ4y
2
3) + y2[(δ7 + δ4)x3y3 + (δ9 + δ6)x1y1] = θx2,
x3(δ5y
2
1 + δ4y
2
2 + δ3y
2
3) + y3[(δ8 + δ5)x1y1 + (δ7 + δ4)x2y2] = θx3,
y1(δ1x
2
1 + δ6x
2
2 + δ5x
2
3) + x1[(δ9 + δ6)x2y2 + (δ8 + δ5)x3y3] = θy1,
y2(δ6x
2
1 + δ2x
2
2 + δ4x
2
3) + x2[(δ7 + δ4)x3y3 + (δ9 + δ6)x1y1] = θy2,
y3(δ5x
2
1 + δ4x
2
2 + δ3x
2
3) + x3[(δ8 + δ5)x1y1 + (δ7 + δ4)x2y2] = θy3.
5
We can find the M-eigenvalues:
θi = δi, (i = 1, · · · , 6)
θ7 =
δ2δ3 − δ27
δ2 + δ3 + 2δ7
,
θ8 =
δ1δ3 − δ28
δ1 + δ3 + 2δ8
,
θ9 =
δ1δ2 − δ29
δ1 + δ2 + 2δ9
,
θ10 =
δ2δ3 − (2δ4 + δ7)2
δ2 + δ3 − 2(2δ4 + δ7) ,
θ11 =
δ1δ3 − (2δ5 + δ8)2
δ1 + δ3 − 2(2δ5 + δ8) ,
θ12 =
δ1δ2 − (2δ6 + δ9)2
δ1 + δ2 − 2(2δ6 + δ9) ,
and
θ13 = (4δ1δ
2
4 + 4δ2δ
2
5 + 4δ3δ
2
6 + δ1δ
2
7 + δ2δ
2
8 + δ3δ
2
9 − δ1δ2δ3 − 16δ4δ5δ6
−8δ5δ6δ7 − 4δ6δ7δ8 − 2δ7δ8δ9 + 4δ1δ4δ7 + 4δ2δ5δ8 + 4δ3δ6δ9 − 8δ4δ6δ8
−8δ4δ5δ9 − 4δ5δ7δ9 − 4δ4δ8δ9)/(4δ24 + 4δ25 + 4δ26 + δ27 + δ28 + δ29 − δ1δ2
−δ1δ3 − δ2δ3 − 8δ4δ5 − 8δ4δ6 − 8δ5δ6 − 2δ7δ8 − 2δ7δ9 − 2δ8δ9 + 4δ1δ4
+4δ2δ5 + 4δ3δ6 + 2δ1δ7 + 2δ2δ8 + 2δ3δ9 + 4δ4δ7 − 4δ4δ8 − 4δ4δ9 − 4δ5δ7
+4δ5δ8 − 4δ5δ9 − 4δ6δ7 − 4δ6δ8 + 4δ6δ9).
5 In principal we can solve it via resultants [6]. If we use the symmetry: x1 ↔ ±y1,
x2 ↔ ±y2, x3 ↔ ±y3. Setting x = ±y, we have
x1[δ1x
2
1 + (δ9 + 2δ6)x
2
2 + (δ8 + 2δ5)x
2
3] = θx1,
x2[δ2x
2
2 + (δ7 + 2δ4)x
2
3 + (δ9 + 2δ6)x
2
1] = θx2,
x3[δ3x
2
3 + (δ8 + 2δ5)x
2
1 + (δ7 + 2δ4)x
2
2] = θx3.
It yields θ1, θ2, θ3, θ7, θ8, θ9, θ13. The special cases where xj = yj = 0 yield other θ’s.
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For the M-eigenvalue θ13, we can verify that
the numerator =
1
2
[(δ9 + 2δ6 + δ2)δ3 − 2(δ7 + 2δ4)2](δ9 + 2δ6 − δ1)
+
1
2
[(δ9 + 2δ6 + δ1)δ3 − 2(δ8 + 2δ5)2](δ9 + 2δ6 − δ2)
+(δ7 − δ8 + 2δ4 − 2δ5)2(δ9 + 2δ6),
the denominator =
1
2
[(δ9 + 2δ6 + δ2 + 2δ3 − 4(δ7 + 2δ4)](δ9 + 2δ6 − δ1)
+
1
2
[(δ9 + 2δ6 + δ1 + 2δ3 − 4(δ8 + 2δ5)](δ9 + 2δ6 − δ2)
+(δ7 − δ8 + 2δ4 − 2δ5)2.
These expressions will help us to reduce θ13 to the M-eigenvalue of tetragonal
case and provide a sufficient condition for θ13 being positive.
When δ1 = δ2 = α1, δ3 = α2, δ4 = δ5 = α3, δ6 = α4, δ7 = δ8 = α5 and
δ9 = α6, we have
θ
(O)
1 = θ
(O)
2 = θ
(T )
1 , θ
(O)
3 = θ
(T )
2 , θ
(O)
4 = θ
(O)
5 = θ
(T )
3 , θ
(O)
6 = θ
(T )
4 ,
θ
(O)
7 = θ
(O)
8 = θ
(T )
5 , θ
(O)
9 = θ
(T )
8 , θ
(O)
10 = θ
(O)
11 = θ
(T )
6 , θ
(O)
12 = θ
(T )
7 ,
and
θ
(O)
13 =
[(α6 + 2α4 + α1)α2 − 2(2α3 + α5)2](α6 + 2α4 − α1)
[α6 + 2α4 + α1 + 2α2 − 4(2α3 + α5)](α6 + 2α4 − α1) = θ
(T )
10 ,
where the superscripts (O) and (T ) stand for the orthotropic and tetragonal
systems respectively. Thus, we recover the M-eigenvalues of the tetragonal
system.
Similar to the polar anisotropic case and the tetragonal case, we derive the
conditions that allow θi > 0 (i = 1, · · · , 12):
δi > 0 (i = 1, · · · , 6),√
δ1δ2 > |δ9|,
√
δ2δ3 > |δ7|,
√
δ1δ3 > |δ8|,√
δ2δ3 > |δ7 + 2δ4| or δ7 + 2δ4 > 1
2
(δ2 + δ3),
√
δ1δ3 > |δ8 + 2δ5| or δ8 + 2δ5 > 1
2
(δ1 + δ3),
√
δ1δ2 > |δ9 + 2δ6| or δ9 + 2δ6 > 1
2
(δ1 + δ2).
Suppose that
√
δ2δ3 > |δ7 + 2δ4| and
√
δ1δ3 > |δ8 + 2δ5|, which guarantee that
θ10 > 0 and θ11 > 0 respectively. If δ9 + 2δ6 > max{δ1, δ2} > 0, then we have
δ9 + 2δ6 − δ1 > 0, δ9 + 2δ6 − δ2 > 0,
√
1
2 (δ9 + 2δ6 + δ2)δ3 >
√
δ2δ3 > |δ7 + 2δ4|,
and
√
1
2 (δ9 + 2δ6 + δ1)δ3 >
√
δ1δ3 > |δ8+2δ5|, and hence, θ13 > 0. Besides, it is
naturally to show that θ12 > 0 since 2δ6+δ9 > (δ1+δ2)/2 and 2δ6+δ9 >
√
δ1δ2.
18
Using the definitions of δi (i = 1, · · · , 9) by elasticity constants, we reformu-
late the above analysis and provide the sufficient conditions for strong ellipticity
as follows.
cii > 0 (i = 1, · · · , 6),√
c11c22 > |c12|,
c12 + 2c66 > max{c11, c22},√
c22c33 > max{|c23|, |c23 + 2c44|},√
c11c33 > max{|c13|, |c13 + 2c55|}.
Note that cii > 0 (i = 1, 4, 5, 6) and
√
c11c22 > |c12| are also the necessary
conditions for the positive definiteness of elasticity tensor [30, P.50].
The corresponding Z-eigenvalue problem reads
x1[δ1x
2
1 + (δ9 + 2δ6)x
2
2 + (δ8 + 2δ5)x
2
3] = ηx1,
x2[δ2x
2
2 + (δ9 + 2δ6)x
2
1 + (δ7 + 2δ4)x
2
3] = ηx2,
x3[δ3x
2
3 + (δ8 + 2δ5)x
2
1 + (δ7 + 2δ4)x
2
2] = ηx3.
We can calculate seven Z-eigenvalues: η = θ1, θ2, θ3, θ10, θ11, θ12, and θ13. And
the results can reduce to the Z-eigenvalues of the tetragonal system.
7 Concluding Remarks
In this note, we show that M-eigenvalues coincide, for example, the bulk mod-
ulus K and the shear modulus G in the isotropic case. In fact, all the elastic
constants in the diagonal of stiffness matrix are M-eigenvalues, and other M-
eigenvalues are the simple linear combinations or the rational fractions of the
elastic constants. Using the positiveness condition of the M-eigenvalues, we pro-
vide the conditions for strong ellipticity, and recover the existing conditions for
strong ellipticity in the cubic case, the polar anisotropic case and the tetragonal
case. We further develop the M-eigenvalue technique to the orthotropic case,
and give new sufficient conditions for strong ellipticity of orthotropic case. This
further reveals the physical meanings of the M-eigenvalues and shows that pos-
itiveness condition of the M-eigenvalues are more general for strong ellipticity.
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